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The maturity of a finite group G is defined by examining how a dominant class (Q-conjugacy class) corresponding
to a cyclic subgroup H contains conjugacy classes. If the ingeter g = |[Ng(H)|/|Ce(H)| (called the maturity discriminant)
is less than an Euler function @(|H]|), the group |G| is concluded to be unmatured concerning H, where N¢(H) and Cg(H)
respectively denote the normalizer and the centralizer of H within G. A matured representation defined for a matured or
an unmatured group is subduced into cyclic subgroups to give the corresponding monomials, which are applied to the
combinatorial enumeration of isomers.
In order to develop new methods of combinatorial enu-  since we have
meration of isomers, we have clarified the relationship be- - . . - .
tween character tables'® and mark tables.2® Thus, we Coht= 0 @ - i) =hy @

have proposed markaracter tables which enable us to dis-
cuss characters and marks on a common basis.?'*? However,
the previous papers have dealt with one extreme case (e.g.
T,) in which each dominant class contains only one con-
jugacy class®? as well as with another extreme case (cyclic
groups) in which each element of a dominant class is com-
posed of one-membered conjugacy classes.”® Although we
have proposed a new method of combinatorial enumeration
applicable to general cases (e.g. T) in which a dominant class
contains one or more of one- or more-membered conjugacy
classes,” its theoretical foundations have not been reported.
In the present paper, we shall formulate the first case (e.g.
T,) as a matured group and the second case (a cyclic group)
as a fully unmatured group; then, we shall treat the third case
(the general cases) as unmatured groups. Such a formulation
enables us to develop an improved method of combinatorial
enumeration, which is simpler and more convenient than the
previous one.

1 Maturity of Finite Groups. Theoretical Foundations

1.1 Matured and Unmatured Dominant Classes.
Dominant classes can be defined as Q-conjugacy classes.”?
Suppose that the elements of a finite group G are partitioned
into s dominant classes K; (i=1,2,---,s) that correspond to
cyclic subgroups G; (i=1,2,---,5) selected from a non-re-
dundant set of cyclic subgroups (SCSG). When elements,
hy and hy, are conjugate within G (i.e., 3€G, t ' hit=hy)
and (h;) and (hy) represent the cyclic subgroups generated
respectively from A; and A, we easily obtain

£ )= (o), &

for r=1,2,---,n and n=|{h;)|=|(h2)|. It follows that conjugate
elements /; and A are Q-conjugate with each other; however,
note that the contrary is not always true. As a result, we
obtain the following theorem.

Theorem 1. A dominant class K; (i=1,2,---,5) is parti-
tioned into one or more conjugacy classes as follows.

Ki=Ki+Ko+---+Ki 2 1). &

Since it is important to discuss whether or not each dominant
class consists of only one conjugacy class, we define matured
and unmatured dominant classes as follows.

Definition 1. (Matured and unmatured dominant
classes) Let G be a finite group. Suppose that its cyclic
subgroup G; corresponds to a dominant class K;.

1. When the dominant class K; contains only one conju-
gacy class (i.e., t is equal to 1 in Eq. 3), it is defined to be
matured. The group G is referred to as being matured with
respect to the cyclic subgroup G;.

2. Otherwise (i.e., tis larger than 1 in Eq. 3), the dominant
class K; and the group G is unmatured concerning the cyclic
subgroup G;.

The number (|K;|) of the elements contained in the domi-
nant class K; represented by

|Gl@(Gi])
K| = 4
=Rl @
wherein Ng(G;) is the normalizer of G; within the group
G (Theorem 11 of Ref. 21). The symbol ¢(n) denotes the
Euler function for an integer n. On the other hand, the
number (|Kj|) of the elements in the conjugacy class Kj; is

represented by
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|G|
[Ce)]’

wherein Cg(h) is the centralizer of 2 (€Kj;) within the group
G. In the present situation, ¢ (Eq. 5) depends upon the con-
Jugacy classes K;;; however it will be proved to be constant
for the dominant class K; (see Lemma 1).

Example 1.  (An unmatured dominant class in a finite
group: T})

Let us examine the point group T}, of order 24. Since T},
contains an SCSG:

o= |Ky| = )

SCSG = {C;,C;,C,,C;,Cs,S6},

we have six dominant classes:

K; = {I} 6)
Kz = {Coy, Gy, Gy } @)
Ks = {0, o), O } ®
K4 ={i} 9
Ks;=Ks5; +Ks2 (10)

2 2 2
= {C3(1)7 C32), C33), C3(4)} + {C3(1), CEZE(Z), 03(3), C3(4)}

Ks = K¢1 + Ke2 1mn
= {S6(1), S6(2)> S6(3), Se(4) | + {52(1)752(2)a Se),Se }

The dominant class Ks, which corresponds to Cs, is unma-
tured because it is subdivided into two conjugacy classes,
Ks; and Ks;. The dominant class K¢, which corresponds
to S¢ (=C;3)), is also unmatured because it is subdivided into
two conjugacy classes, K¢; and Kg¢;. Since the group Cj is
a subgroup of the group Sg, the group T}, is unmatured with
respect to the S¢-group.

1.2 Cyclic Subgroups and Their Normalizers. 1.2.1
Conservation of Maturity. Let us select a cyclic sub-
group H (=G;) from the SCSG of G. Suppose that N it the
normalizer of H within the group G, i.e., N=Ng(H). Then,
we have coset decompositions:

G=Ng1+Ng2+-~-+Nga (12)

N=Hn+H,+---+Hp, (13)

where a = |G|/|N| and b = |N|/|H|. The transversals appear-
ing in these equations are denoted as follows:

A={g1,g2,~",ga} (14)

B={t1,t2,"',tb} (15)

As shown in Corollary 2 (Appendix A), the number of
the conjugate subgroups of the cyclic subgroups is equal to
|G|/IN].

Example 2.
their normalizer)

Letus examine the cyclic subgroup S¢ (=S¢(1)) of the point
group T, described in Example 1. The normalizer of the

(Conjugate cyclic subgroups for T, and
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group Sg is the S itself, i.e., N1, (S¢)=S¢. Equation 12 for
the present case is expressed by

T), = S6 + S6Co1y + S Ca2) + S6Ca3)- (16)
Transversals (Egs. 14 and 15) are expressed as follows:
A={1,Cq), C), Ca3)} (17)

B={I} (18)

Corollary 2 (Appendix A) is exemplified by the following
equations:

CotySsCaty = Ss, ConS6Ca) =Se3), Ca3)SsCaz =Secey, (19)

where the number of the cyclic subgroups is 4. This value is
equal to a=|T|/|S¢|=24/6=4.

The normalizer of the group C; is the S, i.e., N, (C3)=Se.
This is an example of Lemma 8 (Appendix A).

As shown in Appendix A, the dominant class correspond-
ing to H within the normalizer N is correlated to the one
within G. Thus, we have a theorem:

Theorem 2. (Conservation of Maturity)

Let H be a cyclic subgroup of G and N represent Ng(H).

1. If the dominant class corresponding to H is matured in
N, it is also matured in G.

2. If the dominant class corresponding to H is matured in
G, it is also matured in N.

The following example shows an unmatured case which
represents a case of the contraposition of Theorem 2.

Example 3.  Let us consider the unmatured dominant
class K¢ of T, described in Example 1. It corresponds to the
cyclic group Sg, the normalizer of which is determined to be
S¢ itself, as shown in Example 2. When the normalizer S¢
is taken into consideration, the unmatured dominant Kg is
restricted into Kg={Ss1) } +{Sg,}, which is also unmatured
in the normalizer S¢.

On the other hand, the unmatured dominant class K5 of T},
(Example 1) corresponds to the cyclic group Cs, the normal-
izer of which is determined to be Sg, as shown in Example 2.
When the normalizer S¢ is taken into consideration, the un-
matured dominant K is restricted into K§={Csq)}+{C},},
which is also unmatured in the normalizer Sg.

1.2.2 Dominant Classes in the Normalizer of a Cyclic
Subgroup. Let us focus our attention on the elements of
the cyclic group H. Theorem 2 (along with Theorem 9 in Ap-
pendix A) implies that two conjugacy classes concerning the
cyclic H (note that they are produced by the first proposition
of Theorem 9) are not changed if we take either N or G into
consideration. The purpose of this subsection is to clarify
how such conjugacy classes behave within N and G.

Let us consider the conjugacy class K;; belonging to the
dominant class K; (Eq. 3). Since the dominant class K; cor-
responds to the cyclic group H (=G;), there are a (=|G|/|N])
subgroups, gk_IHgk (k=1,2,---,a), which are conjugate to
H within G. For each 4 €H, there exists a conjugate ele-
ment gk_lhg  involved in the respective g, "Hg (k=1,2,---,a).
When the group G is restricted to N, each Kj; is restricted to
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K;;NH, as indicated by Theorem 9 (Appendix A). A similar
discussion shows that each Kj; is restricted to K,-jﬂgk_ngk,
when the group G is restricted to g; 'Ng;. It follows that
eachelement g, ! hg, distinctly belongs to K,-jﬁgk_ngk (k=1,
2,-+-,a). By considering the third proposition of Theorem 8
(Appendix A), we have the following theorem:

Theorem 3.  Let the conjugacy classes K;; belong to the
dominant class K; (Eq. 3). Then, we have

K;=> (KyNg 'Hg), (20)
k=1

where the summation represents a disjoint union and the
element gy runs over the transversal A (Eq. 14).

Example 4. This is a continuation of Example 2. Let us
examine the conjugacy classes Ks; and Ks; contained in the
dominant class K5 (Example 1). The dominant class corre-
sponds to the four cyclic subgroups, Csy (=Cs), Cs2), C3(3),
and Cs4), which are conjugate to each other. The conjugation
relationship is in the same situation as S¢, which has been
examplified in Example 2. The corresponding transversal is
represented as follows:

A ={I,C), Gy, Con } (2D
Then, we have

KsiNCapy={Csp} fork=1,2,3,4 (22)

KNGy ={Cp} fork=1,2,3,4 (23)

each summation of which exemplifies Theorem 3.

Since the dominant class K; contains all of the elements of
order |H| concerning the cyclic subgroup H (=G;), we have
the following result:

U(Kij NH) =

J=1

t
UK,) NH=K;NH. 24
j=1

t
UKy nge 'Hego) =

t

UK,) Ngr 'Hg =KiNgy 'Hg.  (25)
j=t j=1
Hence, we can discuss conjugacy classes in a dominant class
even when we restrict our consideration within N. Thus, by
taking the normalizer N into consideration, we are able to
regard K;NH as a dominant class in N. In addition, the re-
stricted sets, K;MH (j=1,2,---£), are conjugacy classes within
N.

in G inN

K:NH
K;nH

dominant class K
conjugacy classes Ky

Let h (€G) generate the cyclic subgroup (k) of order n
(n=|(h)]). Then, (k") is identical with (h) if r and n are
coprime, i.e., (r, n)=1. Hence, the elements 4 and 4" are Q-
conjugate to each other. Moreover, an element " (€¢G) and
its inverse A~" are Q-congugate in any cases, because (k")
is identical with (h~"); on the contrary, the two elements (A"
and A7) are not always conjugate.

Thus, any conjugacy class K;; of the dominant class K;
(Eq. 3) contains elements corresponding to such integers r
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that satisfy (7, n)=1. Suppose that the conjugacy class K;;
contains ¢ elements as follows:

Kif={h1ah27"'ahc}7 (26)

where c is given in Eq. 5. For simplicity’s sake, we write
h=h;. Let us then consider the following set:

When r runs over integers coprime to n (n=|(h)|), there
emerge two cases:

Case 1. The integer r generates h" that is identical with
hy (3k=1,2,---,c) contained in the conjugacy class K;.

Case 2.  The integer r generates 4" that is not involved -
in the conjugacy class Kj;.

In the first case, the set Kfj (Eq. 27) is identical with the
original K;; (Eq. 26). In order words, the set K{] (Eq. 27) is
obtained by permuting the elements of the K;.

On the other hand, if A" is not involved in K;; (the second
case), the set represented by Eq. 27 is different from the
original K;; (Eq. 26). Since K; (Eq. 26) is a conjugacy
class, we have Jg€G, g_lhg=h1C (€Ky). It follows that we
have g_lh’g=h,’c(€K§j). This means that the set Kfj is also a
conjugacy class. Hence, the Kf] is identical with either one
of the conjugacy classes in the dominant class K;. Note that
|Ky|=|Kj;|=c. As aresult, we have arrived at a lemma.

Lemma 1. Let K; be a dominant class represented by
Eq. 3. The conjugacy classes in K; have the same number of
elements, i.e.,

c=|Ku|=[Kg|="---=[Kal, (28)

where we take G into consideration.
Example 5. Let us examine the point group Ds. Since

* the group Ds contains an SCSG={C;, C,, Cs}, we have

three dominant classes:

K = {1} (29)
Ko = {Cony, G2y, Cazy, Caty, Casy } (30)
K3 = Ks; +Ka;. (€)))

It should be noted that the dominant class K3, which cor-
responds to the cyclic subgroup Cs, is subdivided into two
conjugacy classes,

Ksi = {Cs,C5} (32)
Ks = {C},C3}. (33)

Hence, the group D5 is unmatured with respect to the sub-
group Cs.

Let us consider the interger 4 that is coprime to 5. By
starting from the conjugacy class K3, the transformation of
Eq. 26 into Eq. 27 is calculated to be

K}, = {C3,(C9)*} = {C3,Cs}, (34)

which is identical with the original conjugacy class Kj;.
Hence, this is an example of Case 1 described above.
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On the other hand, the actions of the intergers 2 and 3 (that
are also coprime to 5) on K3, create the following sets:

K ={C (Y= {2 (35)
K5 = {CL ('} ={C, ). (36)

These sets are identical with the other conjugacy class Kas.
Hence, they are examples of Case 2 described above.

1.3 Maturity Discriminant.  This section is devoted to
the derivation of the maturity discriminant that determines
whether a group is matured or not. Lemma 1 shows that
¢ given by Eq. 5 is constant. This result implies that the
centralizers appearing Eq. 5 are conjugate to each other when
K;; runs over K;. This can be proved directly as follows. Let
h be an element of K;; and Cg(h) be the centralizer of the
element 2. Consider an element g~'hg belonging to Kj.
From the fact that Yue Cg(h), u~'hu=h, we have

(¢ 'ug)g 'hg(g lug) =g~ (u 'h)g=g""hg, (37
which means that the group repsented by
g ' Cag={g 'ug|ue Cem} (38)

is the centralizer of g~ 'hg (eK;). Next, we consider h'=
K (€H) belonging to Kfj(iKij). Then, we have

W Hu=u W u= G T ) T Ty = =E (39)

r

which shows that the centralizer Cg (%) 1s also the centralizer
of the element /', i.e., Cg(h)=Cq(h') for h'€K];. Similarly,
we can prove that Cg(g~'hg) is identical with Cg(g™1#'g).
The discussion is summarized as a lemma:

Lemma 2.  The set of centralizers for the elements of
the conjugacy class K;; is invariant when K;; runs over the
dominant class K;. In other words, we have the following
propositions.

1. Let Cg(h) be the centralizer of h€ K. Then,
g~ 'Cqg(h)g is the centralizer of g~ 'hg if the g~ hg belongs
1o Kij- .

2. Let Cg(h) be the centralizer of h €K;. Then, we have
an’ eK,fj, Cg(h)=Cg ().

This lemma is transfomed to describe the generated cyclic
subgroup H(=(h)) and its conjugate subgroups g~ Hg. For
any u € Cg(h), we have u~'hu=h. Then, we have

W W= ) ) - () = B (40)

r

for r=1,2,---,n. Note that the element 4" does not always
belong to Kf] (cf. Eq. 40). This equation shows that the
centralizer Cg(h) is also the centralizer of the element A",
ie., u €Cg(h") for r=1,2,---,n. Thereby, the centralizer
Cg(h) can be regarded as the centralizer of the generated
cyclic group (k) (=H=G;). Accordingly, we obtain a lemma.

Lemma 3.  Let H (=(h)) be a cyclic subgroup of G.
Then, we have Ce(H)=Cg(h).

Maturity of Finite Groups

Note that the element % is a generator of H. If 4 is not a
generator of H, Lemma 3 does not hold true. Hereafter, we
use the symbol Cg(H) is used in terms of Lemma 3.

In the same line that ™~ hu=h gives Eq. 40, the relationship
shown by Eq. 37 indicates that Cg(g~'hg) is identical with
C(;(g‘lh’g) for r=1,2,---,n; hence, they are represented by
the symbol C(;(g_IHg). It follows that, when Cg(H) is the
centralizer of the cyclic subgroup H, the conjugate subgroup
g 'Cg(H)g is the centralizer of g7'Hg. In other words,
Eqg. 38 is transformed into the following expression:

g 'Ce(H)g=Cg(g 'Hyg) 1)

The discussion here is summarized as follows:

Ki(~G=H) H g 'Hg

K; h g 'hg

K} " g Mg
Centralizer Co(H) g 'Co(H)g

Hence Lemma 2 is transformed into the following lemma.

Lemma 4. Let H (=G;) correspond to the dominant
class K;. The set of centralizers for the elements of each
conjugacy class K;; in K; is represented by g~ Co(H)g (Vg
€A), which is invariant when the j of K;; runs to cover the
dominant class K.

The sets Kijﬂg‘IHg (Vg€A) are disjoint to each other
(Theorem 3). Select the element £ as a representative of
K;NH; then, the element g~'hg belongs to K;Ng 'Hg,
where g runs over the transvasal A (Eq. 14). When we
replace the K;; of Eq. 26 by K,-jﬂg‘ng and the K,fj of Eq. 27
by Klfjﬂg_ng, the discussion for Lemma 1 turns out to hold
true, giving the following proposition.

LemmaS5. For the K;Ng~'Hg that is a dominant class
in g~ 'Ng, we have

|KiNg 'Hg|=|KoNg 'Hg|=--- = |KyNg 'Hg|, (42)

where g runs over the transvasal A (Eq. 14). In particular,
putting g=I gives the following proposition. For the K;NH
(Eq. 24) that is a dominant class in N, we have

IK,-IHH|=|K,~20H| =-~~=|Ki;ﬂHl. 43)

The restriction of G into N is realized when the K;; is
replaced by K;NH. For any element ¢ of the normalizer N
(=Ng(H)), we have r~'hr=h (€H). Since £ is an element of
H, Lemma 3 indicates that Cx(t~ht)=Cn(h)=Cg(H). This
is summarized as a lemma. )

Lemma 6.  Let H (=(h)) be a cyclic subgroup of G.
For any element t of the normalizer N (=Ng(H)), we have
Cn(W)=Cx(t~'h1)=Cg(H).

Hence, Lemma 2 is modified into the following lemma in
the light of Theorem 3.

Lemma 7. The centralizer in the elements contained in
the conjugacy class K;NH is Cx(H), being invariant when
K;;NH runs over the dominant class K;N\N. -
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In other words, we have the following propositions:

1. Let Cn(h) (=Cn(H)) be the centralizer of AcK;NH.
Then, Cn(H) (=t~ Cn(R)1) is also the centralizer of ¢~ ht if
the £~ At belongs to K;NH for zeN.

2. For W EKﬁj, we have Cn(h)=Cn(#')=Cn(H).

Since the set K;NH is a conjugacy class in H, we have

IN]|

7= Ky NI = & o)

(44)
Note that # in Eq. 44 can be any element of K;NH in the
present situation. The dominant class K;NH contains all the
generators of H. Hence, the number of the generators is equal
to the number of primitive |H|-th root, i.e.,

[K: M H| = @([H]). 45)

The second proposition of Theorem 1 shows that ¢|K;NH|=
|K;NH|. This result is combined with Eq. 45 giving the
following theorem:

Theorem 4.  The number of the conjugacy classes in-
volved in each dominant class K;H within N is represented
by

_ g(H)ICN D]

46
Ne()]| @)

The number 7 is alternatively calculated from 7/K;|=|K;|
(derived from Eq. 28) by introducing Eqs. 4 and 5 (G;=H):

_ Kl _ e(HDICoaD]
Kl = NG

Since N is the normalizer of H, we have Cg(h)CNg(H)=N.
Hence, Cg(h) is identical with Cx(%), and Cg(H) is identical
with Cx(H). It follows that Eq. 46 is equal to Eq. 47. By
applying t=1 or t>1 to Theorem 4, we have the following
corollary.

Corollary 1.  Let H (=G;) be a cyclic subgroup of the
group G of a finite order. Suppose that Ng(H) is the normal-
izer of H in G, that a dominant class K;NH corresponds to
the subgroup H (=G;), and that Cx(H) (=Cn(h)) is the cen-
tralizer of h belonging to KiNH. The dominant class K;"H
is characterized to be either of two cases:

t 47

(48a)
(48b)

_ |Ne@)| [ =@(H]) if KinHis matured,
Slena) | < @(H)) if KiNH is unmatured.

The constant g described in Corollary 1 is here called the
maturity discriminant. The following theorem derived from
Eq. 47 is essentially equivalent to Corollary 1. Theorem 5
deals with a dominant class K; in G, while Corollary 1 takes
account of a dominant class K;NH in N (=Ng(H)).

Theorem 5.  Let H (=G;) be a cyclic subgroup of the
group G of a finite order. Suppose that Ng(H) is the normal-
izer of H in G, that a dominant class K; corresponds to the
subgroup Gy, and that Co(H) (=Cg(h)) is the centralizer of h
belonging to K;,NH. The dominant class K; is characterized
to be either of two cases:

_ [Ne()| { = @(/H))
[Ce| | < @(H))

if K; is matured, (49a)

(49b)

if K; is unmatured.
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Note that g represents the number of elements conjugate to
the generator 4 of H within the normalizer Ng(H). Theorem
5 shows that the integer ¢ is a discriminant for the maturaity
of a finite group. In case that G is a cyclic group, we have
Ng(H)=Cg(H)=G; hence, we have g=|Ng(H)|/|Ce(H)|=1.
This indicates an extremely unmatured case. Example 6
shows another type of an extremely unmatured case.

Example 6.  Let us reexamine the point group T, of
order 24. The dominant class K corresponds to the cyclic
group Sg, as shown in Example 1. Note that the normalizer
of the group Se is Sg itself, i.e., N1, (S6)=Ss (sec Examples
2). The dominant class is converted into the counterpart of
the normalizer as follows:

K¢ N Ss = Kg1 NS¢ + Kgz N Se, (50)

the right-hand side of which is represented by KeiNSe=
{Se1y} and KexNSe={S5)}, where we place S¢=(Se))-
Hence, the dominant class Kg is unmatured even when the
group T}, is restricted into Nt (Se) (=Se).

Since the centralizer (Ct(Sg)) is equal to the normalizer
(N1(S¢)), we have ¢=|Nt, (S¢)|/|Cr, (Se)|=1.

2 Combinatorial Enumeration

2.1 Dominant and Non-Dominant Representations as
Matured Representations.  We have reported Q-conju-
gacy character tables and characteristic monomial tables for
cyclic groups.?® In the present section, we shall pursue a
method of combinatorial enumeration by utilizing these ta-
bles, where the scope of enumeration is extended so as to
treat cases in which a starting skeleton belongs to a finite
group. Note that Q-conjugacy character tables and charac-
teristic monomial tables for finite groups are not required.

In general, a character is a class function, each value of
which is given to each conjugacy class. On the other hand,
a markaracter is given to each dominant class (Q-conjugacy
class). Hence, there exists some characters that cannot be
regarded as markaracters in an unmatured group. For exam-
ple, one of the irreducible characters E, for T, (an unmatured

group),

Ki K Ki Ki Ksi Ky Kot Keo
I 3G 300 i 4C; 4CE 48 453 (51)

Eg(l) 2 1 1 1 & Z & £

shows that the values of Ks; and Ks; (as well as those of Kg;
and Kg) are not equal to each other, where e=exp (2mi/3)
and Z=exp (—2mi/3). In contrast, T,(/C;) gives the number
of fixed points to each conjugacy class,

K1 Kz K3 K4 K5 K6
—_—— ——

Ki Km Ks Ki Ksi Kyo Ka Kex (52)

I 3C, 30 i 4Cs 4C3 4Ss 482

TW(/C) 12 0 4 0 0 0 0 O

This can be regarded as a character of T, where the values
of Ks; and Ks; (as well as those of Kg; and Kgp) are equal
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to each other. Hence, the character is alternatively regarded
as a markaracter of T}, when we take acount of dominant
classes (Q-conjugacy classes).

K1 Kz K3 K4 K5 KG

(53)
T(/C) 12 0 4 0 0 O

‘When this example is extended to general cases, we are able
to define a matured representation as a representation whose
character has the equal values for the elements involved in
each dominant class. The character of such a matured repre-
sentation is called a matured character, which is equalized
to a markaracter as shown above. It follows that a matured
group gives matured representations only, while an unma-
tured group gives both matured and unmatured representa-
tions. Obviously, for dominant and non-dominant represen-
tations defined in Refs. 21 and 22, we have the following
theorem:

Theorem 6. Dominant and non-dominant represen-
tations are matured representations in terms of the present
definiton.

This theorem holds true for both matured and unmatured
groups. The details of matured representations other than
dominant and non-dominant representations will be dis-
cussed elsewhere. Note that, although the group T}, is an
unmatured group, it is possible to obtain such matured char-
acters (markaracters) in cases of combinatorial enumeration.

2.2 A New Method of Calculating Cycle Indices. Con-
sider a skeleton belonging to the G group, in which a set of
p positions is governed by a permutation representation P.
The representation P is subduced into a cyclic subgroup G;
(corresponding to a Q-conjugacy class K;) to give

Vi
PlG=> B, (54
k=1

where the symbol I’k(’) designates a Q-conjugacy represen-
tation of G;. The multiplicities (f) appearing in the right-
hand side of Eq. 54 is obtained from

FPVe | G x Dg = (B, B2, B, (55)

where the FPVp|G; denotes the fixed-point vector (FPVp)
on the action of P that is subduced into the cyclic subgroup
Gj; and D(;j is the Q-conjugacy character table of G;.

Let a characteristic monomial for the representation ka
be Z(I; 0, 54), which has been already discussed for the cyclic
group (G;).* By using the multiplicities appearing in Eq. 54,
we can define a subduced cycle index (SCI):

SCI(P | Gj;sq) = ﬁ(Z(QU’;sd))’%*. (56)
k=1

By starting from Eq. 56, we have the definition of a cycle
index (CI):

CIP;s0)=>_N;SCIP | Gy; sa)

J=1
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=S N T[@T2; s, (57)
=l kel

where the coefficient N; is equal to @(|G;])/|Ng(G))|
(=|K;}/|G| in the light of Eq. 4). It should be noted that
the CI (Eq. 57) is composed of characteristic monomials for
the representation I}c(’) of a cyclic group G;.

Although the definition of the cycle index (CI) is differ-
ent from that of Pélya’s theorem®?® or from that of the
USCI approach,?” it gives enumeration results equivalent to
Pélya’s theorem or the USCI approach. Thus, the CI (Eq. 57)
is applied to combinatorial enumeration, as shown in the fol-
lowing theorem.

Theorem 7. Consider a skeleton of symmetry G having
p positions, which is governed by a permutation representa-
tion P. Suppose that the positions are occupied by p ligands
selected from a ligand set,

Y={Y17Y27"'7Y]Y[}7 (58)

to give an isomer, where the selected set contains v, of
ligands Y, (t=1,2,-- -,]Y[) satisfies a partition:

vl vitvat---+vy =p. 59

Since the weight (molecular formula) of the isomer is repre-

sented by
Y|

w, =[], (60)
t=1

a generating function for the total number A, of isomers with
the weight W, is represented by

> AW, = CIP; sa), (61)
v
where )
sa=> YL (62)
=1
Example 7. Let us consider the enumeration of isomers

by starting from a T, skeleton (1), which is a [60]fullerene
derivative with six methano groups, where each small circle
denotes a hydrogen atom. For the sake of simplicity, we
depict the skeleton in the form of a simpler one shown as 1/,
where each small circle on a thick-lined cross denotes a hy-
drogen atom of a methano group. Suppose that an appropriate
set of hydrogens on the methano groups are replaced by halo-
gen atoms (Y) to give an isomer. The target of this example
is to obtain the number of such isomers with a respective
molecular formula.

Table 1. Q-Conjugacy Character Tables (Left) and Charac-
teristic Monomial Tables (Right) for C,, Cs, C;
C, C G (07) C C,
C; C G C; Ci C;
C C G G G C
A A A 1 1 A A A s 51
B A" A, 1 -1 B A" A si si's
N1 1
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Table 2. Q-Conjugacy Character Table (Left) and Characteristic Monomial Table (Right) for Cs
C, Cs Ci Cs
A 1 l A S1 S1
E 2 -1 E st S 83
N3 5
6@ where
—%— (1)
HH
1 1’
1 1
Table 3. Q-Conjugacy Character Table (Left) and Char- (12,4) 2z =(8,4). (67)
acteristic Monomial Table (Right) for the Point Group % —%
Se :
Hence, we have
Ki K Ks Ky S¢e |G 1Ci | Cs 1 Se P|C,=84"+44", (68)
C G G S Ay st S1 S1 S1
A, 11 1 1 Ay s1 osTlse s 5Tl which in turn corresponds to the following SCI:
B, 1 -1 1 -1 E, st st osilss osTlss S 1 4 44
E, 2 2 -1 -1 E. & s;7% s7lss sisy sy lse SCI(P | Cs;54) = (51)° (5] $2)" =57155. (69)
E, 2 -2 -1 1 1 1 1 1
N s s 3 3

Since the point group T} has the SCSG shown in Eq. 1
(Example 1), the enumeration on such a T}, skeleton requires
the Q-conjugacy character tables and characteristic mono-
mial tables for the SCSG (Tables 1, 2, and 3).

The twelve positions of the skeleton 1 are governed by
a permutation representation (P), which has an FPV on the
action of T:

' FPV =(12,0,4,0,0,0), (63)

the elements of which are aligned in the order of the SCSG
(Eq. 1). The subduction of P into the subgroup C; gives a
row vector (12, 0), which is multiplied by the inverse of the
Q-conjugacy character table of C, (Table 3, left):

(12,0)(

The resulting matrix means that

1

21 ) =(6,6). 64)
2

SIS

P | C,=6A+6B, (65)
which in turn corresponds to the following monomial (SCI):
SCI® | C;s0) = (51)°(s7 '52)° = 5, (66)

where we use the characteristic monomials of C, collected in
the rightmost column of Table 1 (right). Since the subduction
of P into the subgroup C; gives the row vector (12,0), we
have the same SCI s$ corresponding to P | Ci=6A,+6A4,.

The subduction P|C; gives a row vector (12,4), which is
multiplied by the inverse of the Q-conjugacy character table
of C, (Table 1, left):

For the subduction P|Cs3, the corresponding row vector
(12,0) is multiplied by the inverse of the Q-conjugacy char-
acter table of C; (Table 2, left):

1

’ >=(4,4>. (70)
3

(12,4)(

W W=

Hence, we have
P | C;=4A +4F, an

which in turn corresponds to the following monomial (SCI):
SCI(P | Cszs) = (s1)'(sy 's3)* = 3, (72)

where we use the characteristic monomials of Cs collected
in the rightmost column of Table 2 (right).

The subduction PS¢ characterized by a row vector (12,
0, 0, 0) gives the multiplicities,

(12,0,0,0) =(2,2,2,2), (73)

Q= A= A= V=

W= W= V= O —=

|

W= W= O\l V=
A= A= D= =

where the second 4x4 matrix in the left-hand side is the
inverse of the Q-conjugacy character table of S¢ (Table 3,
left). Hence, we have

P | Ss=2A,+2A, +2E, +2E, (74)
which in turn corresponds to the following SCI:

SCI(P | S6;54) = (s1)*(s7 *52)*(s7 '53)(su8y '3 Ls6)> = s, (75)
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Fig. 1. Five di-substituted isomers from the skeleton 1.

where we use the characteristic monomials of S¢ collected
in the rightmost column of Table 3 (right). These SCIs are
collected in terms of Eq. 57 to give

f=CI(P;sq)
1 1 1 1 1 1
:—225%2'{‘ §Sg+§sll‘sg+ﬁsg+§sg+§s%, (76)

where the coefficients (i.e., N; in Eq. 57) are obtained by
@(|G;])/|Nr, (Gy)| (each cyclic subgroup G; is selected from
the SCSQG). Into the CI (Eq. 76), a figure-inventory,

sa=1+y", (7

is introduced according to Theorem 7. Thereby, we obtain
the following generating function:

_1 n, 1 26, 1 4 2 1 216
f= 24(1+y) + 8(1+y )+ 8(1+y) 1+y%) +24(1+y )

+%(1 9+ %(1 +y%)?

=y 4y 45904 13y° + 27y +38y" +500° +38y° +27y*

+13Y° +5% +y+1 (78)
For the illustration of the results (Eq. 78), Fig. 1 shows five
di-substituted isomers (corresponding to the term 5y?), where
each solid circle denotes a halogen atom (Y).

3 Conclusion

A finite group G is classified into a matured or unmatured
group by examining how a dominant class (Q-conjugacy
class) corresponding to a ¢yclic subgroup H contains con-
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jugacy classes. For the determination of such maturity, the
maturity discriminant is proposed:

1. If the ingeter g=|Ng(H)|/|Cc(H)| is less than an Euler
function @(|H|), the group |G| is concluded to be unmatured
concerning H.

2. Otherwise, the group |G| is matured concerning H.

Here, Ng(H) and Cg(H) respectively denote the normal-
izer and the centralizer of H within G. A matured repre-
sentation is defined in terms of the maturity concept. It is
subduced into cyclic subgroups to give the corresponding
monomials, which are applied to the combinatorial enumer-
ation of isomers.

Appendix A. Conservation of Maturity

This Appendix is devoted to the proof of Theorem 2 and several
related comments. For the simplicity of discussion, the cyclic
subgroup H is selected to have the largest order, if other cyclic
subgroups are present so as to satisfy a group-subgroup relationship.
The following lemma is the basis of such a convention.

Lemma8. IfH isa subgroup of the cyclic group H, the cyclic
subgroup H' has the same normalizer as that of H.

Proof. Let H' be a subgroup of the cyclic group H. When
we take an element A that is a generator of H, for any element ¢
(EN), we have = ht=h° for an appropriate integer s. It follows that
W =) =(h")*. If the resulting 4" be a generator of H', the
element (h")° appearing in the equation is involved in H'. Hence,
we have ¢t 'H't=H’. This means that N is also the normalizer of
H.

Since the N is the normalizer of H, we have H=¢""H for any r€N
and H#g~'Hg for any gcG —N. Moreover, we have HNg~'Hg=
{I} for geG—N, because His cyclic. These results are summarized
to give a theorem.

Theorem 8. Let H (=G;) be a cyclic subgroup selected from the
SCSG of G and N the normalizer of H within G. Then any g(€G)
acts on H in three ways:

1. H=g 'Hg for gcH
2. H=¢g 'Hg forgeN—-H
and

3. HNg 'Hg={I} for gcG—N.

When g is an element of the coset Ng;, we have g=tg; for an
appropriate ¢ in N. Since we have g‘IHg=gi“1t‘1Htgi=gi_ "Hyg; (for
i=1,2,---,a), any element of the coset Ng; gives the same conjugate
subgroup gl._ngi. This means that the coset Ng; corresponds to
the group g, YHyg; in one-to-one fashion; hence, the number of such
conjugate subgroups as g; 'Hg; is concluded to be equal to the
pumber of the cosets, a=|G|/|N|. This result is summarized as a
corollary.

Corollary 2. Letg; (i=1,2,---,a) be selected from the transversal
A (Egq. 14). All the conjugate subgroups of the cyclic subgroup H
involved in G are represented by gfIHgi, the number of which is
equal to a=|G|/|N].

A conjugate subgroup of the normalizer N, i.e., g~ 'Ng, may
or may not be equal to N. If the normalizer Ng(N) is taken into
consideration, a discussion similar to the one for Corollary 2 can be
applied to this case. As aresult, we have the following corollary.

Corollary 3. Let H (=G;) be a cyclic subgroup selected
from the SCSG of G and N the normalizer of B within G. All
the subgroups comjugate to the normalizer N are represented
by g7 iNg; (i=1,2,---,a), which may contain duplicity when each g;
is selected from the transversal A.

Let us consider an element 4 (€H). The following theorem is
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obvious because of the definitions of G, H, and N.
Theorem 9.  Let h be an element of the cyclic subgroup H, the
" normalizer of which is denoted to be N=Ng(H). Any element that
is conjugate to h within G belongs to either of the following cases:

1. The element 1~ ht (€H for any t €N) is conjugate to h within
G as well as within N. It is involved in N.

2. The element g~ 'hg (g™ 'Hg for any g EG—N) is conjugate
to h within G but not within N, whether it is involved in N or not.

It should be noted that there are two subsidiary cases for the
second proposition of Theorem 9 in the light of Theorem 11:

(@) If we have g~'Ng#N for g€G—N, the element g~ 'hg is
involved in g~'Ng but notin N (2g~ 'Ng). Hence, it is not conjugate
to h within N.

(b) If we have g~ 'Ng=N for gcG—N, the element g™ hg is an
element of N, as shown in Theorem 11. Note that we have the third
proposition of Theorem 8; hence, we have g~ hgcg™"HgCN and
g ' hgfHCN. In other words, the element g~ hg belongs to either
one of the isomorphic but non-conjugate subgroups described above
(Hp). As a result, the element g 'hg (€g™'Ng=N) is not conjugate
to h within N. ‘

In both of the two subsidiary cases, the element g~ 'hg is not
conjugate to h within N.

Theorem 9 can be rewritten as follows so as to describe the
behaviors of dominant classes, giving Theorem 2. The proof of
Theorem 2 is given here.

Proof of Theorem 2.  Let & be a generator of H. Then, 4" is
another generator of H, where (r, n)=1.

If the dominant class corresponding to H is matured in N, we
have t~'ht=h" for an appropriate  (ENCG). Hence, we have the
first proposition.

If the dominant class corresponding to H is matured in G, we have
™ ht=h" for an appropriate t (€G). Hence, we obtain ¢~ ' (h)r=(h"),
which is equal to " 'Hz=H. This means that 1N because of the
definition of the normalizer N. Hence, 4 and /4" is also conjugate to
each other within N. Thereby, we have the second proposition.

Although Theéorem 9 shows that the element 4 (€H) is not con-
jugate to the element g~ 'hg within N, we are able to obtain the
following corollary for comparing these elements.

Corollary 4.  Suppose that two elements h and t~'ht of the
cyclic group H are conjugate to each other within N (i.e., t €N).
Then, g~ 'hg and g ' (¢ ' hi)g of the group g~ "Hg are conjugate to
each other within g~' Ng for g €G.

Proof. Since 7 is an element of N, the element g~ '7g is an
element of g’lNg. Hence, the element

(¢ '1e) (¢ he)(g 1) =g~ (1 hg)g

is conjugate to g~ hg.
Let N/H be a set of cosets produced by Eq. 13 as follows:

N/H={Hl‘l,th,-~~,Hta,~--7Ht1,} (79)

where N is the normalizer of the cyclic subgroup H, i.e., N=N¢(H).
Let us now consider the group g~ 'Ng that is conjugate to N as well
as the cyclic group g~ 'Hg that is conjugate to H within G, where
the element g is presumed to be selected from A without losing
generality. Obviously, we have g 'HgCg 'Ng. Any element
to €B satisfies 75 ' Hto=H. Consider the element g~'#, g conjugate
to 14, where g '1qg€g ™ 'Ng (V14 €N). Then we have

(8 '1ag) (g7 He) (g tag) =8 15" 88 'Hgg 'tag

=g 't;'Htag=g 'Hg. (80)

It follows that the element g~ 'f¢g is contained in the normalizer
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of g7'Hg, i.e., g 't0gENg(g ' Hg). As the to runs over the nor-
malizer N, the element g™ 'f4g runs to generate the normalizer
N(;(g_ng). Hence, we obtain the following theorem.

Theorem 10.  Within the group G, the normalizer of the cyclic
group H and that of g~ 'Hg (Vg€A) are conjugate to each other,
ie., g7 'Ng(H)g=Ng(g 'Hy).

Since we have (g ' Hg)(g ™ 'tag)=g~ 'Ht4g, a coset decomposition
of g7'Ng by g~ 'Hg is represented by

¢ 'Ng=(g 'He)(g 'ng)+(g” He)g ' ng)+- -
+(g ' Hg)(g ' 1rg)
=g 'Hng+g 'Hhg+---+g 'Hipg, 8D

which produces cosets as follows.

g 'Ng/g 'Hg
={¢g 'Hng,g 'Hng, --,g 'Hitag,--,g 'Hngl. (82)

In a special case that g belongs to Ng(N), i.e., g~ 'Ng=N, Theo-
rem 10 shows that Ng(H)=NG(g71Hg). In other words, N is also
the normalizer of the cyclic group g~ 'Hg. This is summarized as
follows:

Theorem 11.  For geNg(N), the group g~ Hg, which is not
conjugate to H within N, is a normal subgroup of N.

Proof. For any r€N, we have gtg~' €N, since g is an element of
the normalizer Ng(N). Because N is the normalizer of H, we obtain
(gtg~ )™ 'H(gtg~")=H. This is transformed into ' (g™ 'Hg)t=
g~ 'Hg. It follows that the normalizer of g~ 'Hg is also N.

Moreover, the condition g~ 'Ng=N converts Eq. 81 into

N=(g 'Hg)(g 'ng)+ (g 'He)g 'ng)+---+(g 'He)g 'ng)
=g 'Hng+g 'Hng+ - +g "Hng, (83)

Let us consider the commutator subgroup [H, g~ 'Hg] derived
from H and g~ 'Hg of Theorem 11. Theorem 11 and Theorem 3.2
of Chapter 5 in Ref. 28 indicate that the group [H, g 'Hgl is a
normal subgroup satisfying [H, g~ 'Hg]CHNg "Hg. This result
combined with Case 3 of Theorem 8 shows that [H, g~ 'Hg]={I}.
This gives the following corollary.

Corollary 5.  For H and g~ "Hg described in Theorem 11, any
element of H is commutative with any element of g~ 'Hg.

The group g~ 'Hg described in Corollary 5 is a normal subgroup
of the centralizer Cg(H). However, the centralizer Cg(H) is not
always the centralizer of the group g~ 'Hg. In other words, the
C¢(H) is not always identical with Cg(g ™ Hg).

If the Cg(H) is identical with Cg(g™'Hg), the groups H and
g~ 'Hg are contained in the center of the centralizer Cg(H).

Appendix B. Notes on Theorem 5

It should be noted here how Theorem 5 is related to automor-
phism. An automorphism of a group G is an isomorphism from G
to G. All the automorphisms concerning G form a group called the
automorphism group, designated as Aut G.2*? A fixed element
g of G gives an inner automorphism x—g~'xg by conjugation.
All the inner automorphisms form the inner automorphism group
designated as Inn G.

When a group H is a subgroup of G, the automorphism group
of the subgroup (H) within G is represented by the factor group
Ne(H)/Cg(H), which is a subgroup of Aut H (Theorem 3.5
of Ref. 30). If the subgroup H is a cyclic group, the order
|Hg(H)|/|Ce(H)| represents the number of elements involved in
a conjugacy class (Eq. 26). Hence, the number |Hg(H)|/|Cg(H)|
runs from 1 to @(|H|) in accord with Theorem 5.
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We now consider the case where the cyclic subgroup H (=G;)
corresponds to the dominant class K;, which in turn consists of two
or more conjugacy classes (Eq. 26). Suppose that the conjugacy
class (K;j) in G (Eq. 26) is restricted to the conjugacy class K;NH
in the normalizer N. The elements of the conjugacy class K;NH
is represented as follows by using & (€H) and the transversal B
(Eq. 15):

KiNH={t"hty (=h), t; ' hty,--- 15" hta,--- 15 'k} (84)

The right-hand side of Eq. 84 contains all of the elements conjugate
to & (€H). Thus, select any element ¢ from a coset Htq appearing
in Eq. 13, i.e., t€Ht,. Then, we can denote t=hty where heH. By
using the fact that & (€H) and & are commutative, we have

=g W Mt =15 B bt = 15 it (€ t5 ' Htqg =H). (85)

This means that any element in the coset Hz, can be selected as a
representative, giving the same element £, ' Az, conjugate to A. As
a result, each element 15’ ht,, appearing in Eq. 84 is concluded to
correspond to the coset H?, in one-to-one fashion.

The right-hand side of Eq. 84 may contain some duplicity; that
is to say, |K;H|<b (=|N}/|H]|). The multiplicity is calculated as

follows:
_b__ IN/H|__|CNED)] 36)
g IN|/|Cn(H)| H]

Let us consider a double coset decomposition:

N=CnyH)uH+Cy@EH)H+- -+ Cy(H)1 H, &7

where g is given in Eq. 44 and the transversal is selected appropri-
ately from B:

B'={n,n,,1,}. (88)

The multiplicity m can be alternatively calculated as the number of
cosets in a double coset Cn(h)toH:

|Cn(h)] |Cn(R)|

= - _ |Cx)|
|[Cn(h) Nz Hiy|  |Cn(h) NH|

=

(89)

which is equal to the value given in Eq. 86. Since H is a normal
subgroup of N and NDCy(H)DH, the cyclic group H is a normal
subgroup of Cn(H). Hence, Eq. 87 is transformed as follows.

N=CnH)Hz + Cn(H)H + - - - + Cn(H)H, (90)

= Cn(H)1 + Cn(Dt + - - - + Cn(H)t,. (2]

As aresult, we arrive at a theorem:

Theorem 12. By using the transversal B', the conjugacy
class K;jNH in the normalizer N is represented with no duplicity as
follows:

Ky NH={f;"ht1 =h),1; 'hts,- -+ 15 htg, 17 'htg}.  (92)
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